Uncertainty is an important prosperity to rock tunnel. Reliability analysis is widely used to deal with the uncertainty. But it is difficult to be adopted in rock tunnel using the traditional reliability method because the limit state function is an implicit function. High dimension model representation (HDMR) can approximate the high dimensional, nonlinear, and implicit function using the low dimensional function. In this study, the HDMR method was adapted to approximate the limit state function through combining with response surface method (RSM). A new reliability analysis approach of HDMR-based response surface method, combined with the first-order reliability method (FORM), is developed to calculate the reliability index of tunnel, and implementation of the method is explained briefly. A circular tunnel with analytical solution and horseshoe tunnel with numerical solution are used to demonstrate the proposed method. The obtained reliability index is in excellent agreement with Low and Tang's (2007) method and traditional RSM. It shows that HDMR-based response surface can approximate well the limit state function, and the proposed method is an efficient and effective approach for reliability analysis in tunnel engineering. It is very useful for reliability analysis of practical large-scale rock engineering.
Introduction
Stability analysis of tunnel is very important to optimization design and safety construction. Various methods such as analytical method and numerical method are widely used to estimate the stability of rock tunnel in the past decades. But there exists a lot of uncertainty in tunnel engineering which affects the design and construction. Traditional numerical method cannot consider the uncertainty in design and construction of tunnel. It restricts the application of numerical method, and that brings the risk for safety construction. Reliability analysis, which is commonly applied in engineering systems, provides a good way to deal with the uncertainty.
In recent years, reliability analysis of tunnels was paid more attention by many researchers [1] [2] [3] [4] [5] [6] [7] [8] . Based on analytical solutions, Hoek (1998) estimated the reliability of circular tunnels by Monte Carlo simulation using @RISK commercial software [1] . Oreste (2005) applied a probabilistic numerical approach to the design of primary tunnel supports [3] . Li and Low (2010) estimated the reliability of circular tunnels by combining an analytical solution and first-order reliability method (FORM) [6] . Mollon et al. (2009 Mollon et al. ( , 2011 ) studied the reliability of rock tunnel stability using a numerical model [4, 5] . and ) performed a probabilistic analysis of underground rock excavation and of ground-support interaction of tunnel using the response surface method [7] [8] [9] . Su et al. (2011) presented a practical algorithm for FORM to deal with the implicit nature of a limit state function. But there exists lots of difficulty in applying reliability analysis to practical rock tunnel [10] .
With the development of computational intelligence, artificial neural network (ANN) and support vector machine (SVM) have been used in the reliability analysis of engineering system. Deng et al. (2005) proposed an ANNbased second-order reliability method and an ANN-based Monte Carlo simulation method [2] . Hosnielhewy et al. (2006) proposed an ANN-based response surface method to analyze the reliability of structures [11] . Other researchers have applied ANN to reliability analysis by combining it with Monte Carlo simulation, FORM, response surface method, etc. [12] [13] [14] [15] . SVM was adopted to approximate the limit state function and calculate the reliability index of tunnel through combining with first-order reliability method (FORM) and Monte Carlo simulation (MCS) [16, 17] . But ANN and SVM need more training samples to construct a model. It is difficult to obtain sufficient training samples for practical engineering because of the complexity, cost, and efficiency of problem. And the performance of generalization of ANN and SVM also restricted the application in practical engineering.
High dimensional model representation (HDMR) is a general set of quantitative model assessment and analysis tools for capturing the nonlinear, implicit, and high dimensional relationships between sets of input and output variables [18] . HDMR can approximate the implicit and high dimensional limit state function using lower dimensional function. In this study, the HDMR was adopted to approximate the limit state function, and then FORM was used to compute the reliability index of tunnels. The coefficient of HDMR model was determined using moving least square method. The remainder of this study is structured as follows. In Section 2, the FORM algorithm is reviewed in briefly. Section 3 introduces the basic idea of RSM and HDMR, the HDMR-based response surface is proposed, and the procedure of the proposed reliability analysis was explained in detail. In Section 4, the proposed method was applied to a circular tunnel with analytical solution and a horseshoe tunnel using numerical solution. The results were compared with FORM and traditional RSM. Some conclusions are given in Section 5.
First-Order Reliability Method (FORM)
FORM is widely used in reliability analysis. In this study, we use a practical FORM method, which was presented by Low (2004) based on the Hasofer-Lind index [19, 20] . To obviate the computations of equivalent normal means and equivalent normal standard deviations, Low and Tang (2007) proposed a new efficient algorithm for the FORM via varying dimensionless number to estimate the reliability index as follow [21] :
where n is a column vector of i . R is the correlation matrix. Once obtaining the reliability index, the probability of failure can be evaluated from
In this study, (1) was adopted to compute the reliability analysis based on FORM proposed by Low and Tang.
HDMR-Based Response Surface Method
To the reliability analysis of practical tunnel engineering, the limit state function is implicit, high dimensional, nonlinear function. An important part of reliability analysis is to develop an efficient method to approximate the above limit state function. Response surface method is a commonly used method which adopts a polynomial to represent the limit state function based on numerical simulation. Practically for the most engineering systems, only relatively low order correlations of the input variables are expected to have a significant effort on the response. HDMR utilizes the above property to represent the high dimensional relationships between sets of input and output model variables using the low dimensional hierarchical function.
. . High Dimension Model Representation (HDMR).
Let the N-dimensional vector x= { 1 , 2 , . . . N } represent the input variables of the model under consideration and the response variables as ( ). According to HDRM model [22] , the response ( ) can be expressed as a hierarchical correlated function in terms of the input variables as
, . . . , )
where 0 is a constant term representing the 0th order component function of ( ), ( ) is a 1st order term of ( ) which represents the effect of only variables . i1i2 (x i1 , x i2 ) is the 2nd term that represents the cooperative effects of the variables x i1 , x i2 . 2,...,N ( 1 , 2 , . . ., N ) contains any residual dependence of all the relevant component functions in (3) . Once all component functions are determined in (3), the component function constitutes HDMR. Generally, the high order component is negligible, so HDMR can be used to approximate the g(x) with high efficiency.
There are two methods to determine the component functions. In this study, cut-HDMR is adopted to determine the component functions in (3) which approximate the implicit limit state function in reliability analysis. Based on cut-HDMR procedure [23] , the first-and second-order approximations of g(x) are denoted, respectively, bỹ
and
where c=( 1 , 2 , . . ., N ) is a reference point which is a mean value of the input variables. (
is evaluated in a plane defined by the binary set of input variables x i1 , x i2 through the reference point, etc.
The response of tunnel ( ) at point can be obtained by the following two steps:
Step . Interpolate each of the low dimensional HDMR terms with respect to the input values of the point . To the 1st and 2nd order component function in HDMR model, n and 2 function values were computed based on numerical simulation, i.e.,
Central sample method was used to construct (j=1,2,. . ., n) and x i1j1 , x i2j2 . Once obtaining and 2 function values, the 1st and 2nd component function can be obtained as
where ( ) and j1j2 (x i1 , x i2 ) can be obtained using moving least square method. The same procedure shall be repeated for all the 1st and 2nd component functions, i.e., ( ) and
Step . Sum the interpolated values of HDMR terms from zeroth order to highest order retained in keeping with the desired accuracy. The response surface of ( ) based on HDMR can be obtained as
. . Moving Least Square Method. Consider that a function u(x) can be approximated using the following form according to moving least square method [24] :
where ( ) is a vector of complete basis function of order m and ( ) is a vector or unknown parameter that depends on x.
The coefficient vector ( ) can be determined by minimizing a weight function, defined as
where I denotes the coordinates of sample point I, dT with dI representing the nodal parameter for sample point I, W denoting the weight function associated with sample point I. The stationarity of J(x) with respect to a(x) yields
where
a(x) can be obtained by solving the above equation and the approximated function u h (x) will be given
Weight function is important to the performance of HDMR. Lü et al. compared the performance of weight function in different parameters of Gaussian function [25] . To my knowledge, there is no rigorous theory to determine the weight function. In this study, Gaussian function was adopted in Eq. (17) .
where is the coefficient for controlling the shape of the weight function.
. . HDMR-Based Response Surface. In this study, HDMR is adopted to approximate the response of tunnel. Based on the HDMR, the response surface can be expressed as
where (X) is the limit state function and represents the vectors of the random variables such as rock mechanical parameters and in situ stress. If the 1st and 2nd order component functions were adopted, the limit state function will be in the following form:
And
In this study, ( ) and j1j2 (x i1 , x i2 ) can be obtained using moving least square method (see (14) - (19)). Central samples are used to determine 2n + 1 samples, i.e., = ± ℎ .
. . e Procedure of HDMR-Based Reliability. In this study, HDMR was adopted to approximate the limit state function for reliability analysis of tunnel. Center sample method is used to build the sample points. The response (displacement and plastic zone) was calculated using numerical method and analytical method. The coefficients of component function were determined using moving least square method. FORM was used to estimate the reliability index of tunnel stability. The procedure of HDMR-based reliability analysis is summarized in the flowchart in Figure 1 and explained in detail as follows:
Step . Collect the engineering information, such as geological conditions, project scale, rock mechanical parameters, and in situ stress; determine the random variables and component function of HDMR; build a numerical or analytical model.
Step (generate sample points). Central sampling is adopted for generating 2n + 1 sample points.
Step (build samples set for HDMR). The response of tunnel (displacement, plastic zone, stress and strain, etc.) at each sample point, determined beforehand using analytical or numerical method, is used to determine the limit state function. Sample sets consist of the sample points and their corresponding response.
Step (determine the HDMR-based response surface). The HDMR model was adopted in this study to approximate the limit state function. Moving least square method was used to determine the coefficient of component function in HDMR model.
Step (compute reliability index and design point). The FORM algorithm of Low and Tang (2007) is adopted to determine the reliability index and the design point based on the HDMR-based reliability analysis.
Step (check convergence). Steps 2 to 5 are repeated until the reliability index converges. In this work, convergence is said to occur when the absolute difference between the current and the previous tentative reliability index is less than 0.0001.
Applications
In this study, two tunnels in the previous study (Zhao et al., 2014) were revisited to verify and demonstrate the proposed reliability analysis method [17] . For the comparison, the same parameters and model of tunnel were used. The results show the proposed method is efficient and effective to the reliability analysis of rock tunnel. It is feasible to deal with the uncertainty using the proposed method for rock tunnel.
. . Circular Tunnel Subjected to Hydrostatic Stress [ ].
A circular tunnel is excavated in a continuous, homogeneous, isotropic, initially elastic rock mass subjected to hydrostatic • Determine numerical model;
• Determine the random variables;
Numerical method
Moving least square method (Eqs.14-19)
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Step6 far field stress 0 and uniform support pressure as shown in Figure 2 . If is less than the critical pressure , a plastic zone exists. In this study, the plastic zone and inward displacement were adopted to estimate the stability of tunnel. According to the Mohr-Coulomb criterion, the plastic zone radius and the inward displacement of tunnel wall are given by [26] :
Collect engineering information
u ip
where is the elastic modulus and is Poisson's ratio. The values of , k, and are obtained from the following equations:
is the friction angle, and is the cohesion. In this study, Young's modulus E, cohesion c, and friction angle of rock mass were the random variables. Normal distribution was assumed for the random variables. The statistical values were listed in Table 1 [17] . In addition, c and were assumed to be negatively correlated, with a correlation coefficient of -0.5. Radius of tunnel 0 , hydrostatic stress 0 , support pressure , and Poisson's ratio were regarded as deterministic variables. To the stability analysis, 0 = 2.5 MPa, = 0 Mpa, and 0 = 1 m. Two failure modes were estimated, respectively, i.e., radius of plastic zone and inward displacement. The limit state functions of the two failure modes are given by
where is the permissible threshold about the plastic zone and is the inwards displacement of tunnel wall. In this study, L and are 3 and 0.01, respectively. To illustrate the proposed HDMR-based reliability analysis method, stability analyses were carried out for variations of the circular tunnel case.
The reliability of two failure modes was estimated using the HDMR-based reliability analysis. Figure 3 showed the reliability index and comparison with FORM in different support pressure ( 0 =2.5MPa). The reliability index of HDMRbased reliability analysis was well agreed with the value of FORM. The comparison between reliability index and design point was listed in Tables 2 and 3 . The maximum relative error of the two failure modes was less than 0.3% and 0.2%, respectively. The maximum relative error of design point was less than 2.2% to the displacement failure mode. The maximum relative error of design point was less than 8.4% to the plastic zone failure mode. The results showed the HDMR-based response surface can exactly approximate the response of tunnel. This indicates that the proposed method can replace numerical and analytical method for reliability analysis. Specially, it is important to have reliability analysis for practical rock engineering without analytical solution.
The failure probability of a circular tunnel was analyzed for cases with different support pressures. Figure 4 showed the variation of failure probability with the support pressure. The probability failure decreased with increasing support pressure. It showed the support structure can improve the stability of tunnel and reduce the risk of tunnel failure. 
In situ stresses:
Rock mass properties:
E=4600MPa, =0. The stability of tunnel was analyzed for cases with different far field stresses. Figure 5 showed the reliability index and comparison with FORM in different support pressure ( =0MPa). The reliability index of HDMR-based reliability analysis was very close to the value of FORM. The failure probability of tunnel was shown in Figure 6 in different far field stresses. The probability failure increased with increasing far field stresses. The results of reliability analysis were similar to the results in different support pressure.
. . Horseshoe Tunnel [ ].
In the above example, HDRMbased reliability analysis was demonstrated based on response surface using a circular tunnel with analytical solution. To a practical tunnel, it is difficult to obtain the analytical solution. Numerical method is commonly used in stability analysis and design of tunnel. In this section, the reliability analysis of a horseshoe-shaped tunnel was estimated using the HDMRbased reliability analysis through combining with numerical method. The span of tunnel is about 5 m (Figure 7) . The elastic modulus E (MPa), friction angle ( ∘ ), cohesion c (MPa), major principal stress 1 (MPa), and minor principal stress 3 (MPa) were regarded as random variables [17] . The in situ stress and Poisson's ratio were the deterministic. The mean value of the rock mass parameters and in situ stress are shown in Figure 7 . The statistical properties of random variables are listed in Table 4 . The inward displacement of the tunnel wall was selected as the criterion of the stability of the tunnel. A two-dimensional finite element model of the tunnel was used to compute the response (displacement) of tunnel ( Figure 7) .
The reliability index and design point were listed in Table 5 . The reliability index obtained by the HDMR-based reliability analysis is 2.336 and is agreed very closely with the values (2.341) obtained by RSM (Zhao et al., 2014) , with a relative error of about 0.21%. The design points were also close to the results of RSM, and the maximum relative error is less than 6%. These showed the HDMR-based response surface can approximate well the response of tunnel instead of numerical method. It provided a good way to apply reliability analysis for practical tunnel engineering. 
Conclusions
In this study, HDMR was adopted to approximate the response of tunnel, and that combined with response surface method to build the limit state function. HDMR use the low dimensional function to present the complex, implicit, high dimensional, and nonlinear relationship between random variables and response of tunnel. FORM was used to compute the reliability index. The HDMR-based reliability analysis was applied to two tunnels. The reliability index and design points were well agreed with the FORM and RSM. HDMR can replace numerical method in reliability analysis. This is important to practical tunnel that it is difficult to obtain the analytical solution of tunnel response. The results showed the proposed method is useful to reliability analysis for practical tunnel engineering. HDMR-based reliability analysis provided a good tool to consider the uncertainty for practical rock engineering.
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